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Abstract

The paper describes the application of different levels of turbulence closure and near-wall treatment to the computation of a 2D

downward-directed wall jet that encounters a slow, upward-moving flow. The working fluid is water and the two streams may be at

the same temperature or the wall-jet fluid may be hotter, leading to significant buoyant effects. The distance of penetration of the

wall jet is found to be highly dependent on the turbulence model employed. It is established first that the new analytical wall function

(AWF) developed by the authors [Int. J. Heat Fluid Flow 23 (2002) 148] leads to flow predictions in close agreement with a so-called

‘low-Reynolds-number’ treatment where computations extend all the way to the wall. However, for some test cases, both sets of

calculations (employing an eddy-viscosity model) indicate too great a penetration of the wall-jet into the opposing stream. The use

of the AWF in conjunction with a second-moment closure, particularly one which satisfies the two-component-limit, gives generally

closer agreement.

� 2004 Elsevier Inc. All rights reserved.
1. Introduction

In designing fail-safe cooling configurations for nu-

clear-reactor cores, a major concern is to develop a

system that is unequivocally safe when a severe opera-

tional malfunction occurs, such as the failure of coolant-

circulation pumps. If the pumps’ operation should fail,

highly complex flow patterns will ensue in which the

flow becomes driven by buoyant forces. The ability to

make accurate CFD simulations of such scenarios
would help greatly in improving design. However, cur-

rent industrial CFD modelling generally employs simple

eddy-viscosity models, with wall-functions providing an

economical bridge across the near-wall viscosity-affected

sub-layer. The realism achieved by such a level of tur-

bulence modelling for buoyancy-dominated and other

complex flows is unreliable and often poor. A UK nu-

clear-power consortium has thus commissioned experi-
ments, LES and CFD simulations of a number of

geometrically simple but physically challenging mixed-

convection flows to assess the capabilities of existing
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approaches and encourage development of more appli-

cable modelling practices.
The above research programme has so far focused on

flows along a vertical wall where the primary velocity

direction is vertical (up or down) with the principal

velocity gradient horizontal. For such an arrangement,

even under strong buoyant effects, it has long been

known (Cotton and Jackson, 1987) that a two-equation

eddy viscosity scheme can give reasonable flow predic-

tions provided the thickening or thinning of the viscous
sub-layer is accounted for. But, the low-Reynolds-

number model of Launder and Sharma (1974) used in

Cotton and Jackson (1987) and in most subsequent

work is computationally expensive as it requires a very

fine near-wall mesh to resolve the viscous sub-layer,

leading to slow convergence rates. The prohibitive cost

of using such a model in computationally complex flows

is a deterrent to its use in most industrial work. In an
earlier phase of the current research, therefore, the au-

thors directed attention at developing a more general set

of wall functions where, inter alia, the buoyant terms in

the mean momentum equation and their consequent

impact on the turbulence dynamics was explicitly ac-

counted for, Craft et al. (2002). Applications were made

for buoyancy-modified up- and down-flow through
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Fig. 1. Downward-directed opposed wall-jet flow.
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pipes and annuli, the level of agreement with experiment

being generally satisfactory and very similar to that

achieved by the model of Launder and Sharma (1974)

which required at least an order of magnitude more
computer resources even for these computationally

simple flows (Craft et al., 2002, 2003). In contrast, the

use of standard wall functions in computing the same

flows led to errors in the computed heat-transfer coef-

ficient of typically 50% or more and to a great sensitivity

of the resultant Nusselt number to the thickness of the

near-wall cell over which the wall function was applied.

The present contribution considers a more complex
flow than the cases noted above; one closer to the types

of flow that might arise in a pump-failure scenario sig-

nalled at the start of this section. The cases considered

involve the vertically downward flow of a wall jet into

the path of a slow-moving, upward stream. The collision

of these streams results in a stagnation of the wall jet

and its turning to flow upstream. In some tests the wall

jet fluid is hotter than that of the counterflowing stream,
leading to buoyant as well as dynamic influences on the

stagnation point position. The turbulent wall jet (even

with an isothermal co-flowing or stationary external

stream) is known to be a difficult flow to predict

(Launder and Rodi, 1983; Kline et al., 1981; Craft and

Launder, 2001b). These cited studies suggest that to

obtain reasonable predictions one needs to solve trans-

port equations for the Reynolds stresses rather than
assume an isotropic eddy viscosity. Moreover, Craft and

Launder (2001b) found that, even at that level of mod-

elling, for the three-dimensional wall jet the results were

highly dependent on modelling details that had little

influence in many simple shear flows. With this back-

ground experience, we felt it appropriate to explore the

performance of two second-moment closures as well as

the usual k–e linear eddy viscosity model. Section 2
summarizes the family of cases examined while Section 3

outlines the physical and numerical models employed in

the simulations. The computational results themselves

are presented in Section 4 which lead us to the conclu-

sions and directions for further work given in Section 5.
2. The test flows and their computational representation

The experimental configuration is shown schemati-

cally in Fig. 1, and details are reported in He et al.

(2002). On the right side of the vertical channel a

downward directed warm jet of water emerges from a

development passage 33 hydraulic diameters in length.

In the numerical computations, fully developed channel

flow profiles at a Reynolds number of 4000 were inter-
polated onto this jet inlet. Standard wall functions were

adopted on all walls except the right hand one on which

the wall jet develops. On this wall, where flow reversal

occurs, one of three treatments was applied as noted in
Section 3. (For one test the analytical wall function [see

Section 3.3] was also applied to the left-hand wall pro-
ducing negligibly different results.) The walls were as-

sumed to be adiabatic. The passage width (normal to the

plane shown in Fig. 1) was 1.2 m giving an aspect ratio

of 4:1 for the main passage. Although this ratio was

rather small to assume flow two-dimensionality, some of

the test-flows have also been the subject of an LES

exploration by Addad et al. (2004), which supports the

view that there were no serious departures from two-
dimensionality in the experiments. An undeniable diffi-

culty, however, was that the experimental inlet and exit

profiles could not be measured. At the bottom there was

a ‘‘flow-conditioning unit’’ suggesting a reasonably

uniform entry profile should have been achieved with a

rather high turbulence level. In the computations,

therefore, uniform inlet velocity and turbulence-energy

profiles were prescribed while the dissipation rate was
set to give a turbulent viscosity 50 times the molecular

value. The inlet turbulence was not a sensitive unknown

however: a change in the inlet turbulence energy from

2% to 5% of the mean kinetic energy, had no discernible

effect on the flow. For the isothermal tests the actual

position of the lower inlet plane was set somewhat lower

than in the experiments simply because the majority of

the turbulence models employed did not cause the wall-
jet to lose its momentum sufficiently rapidly. To prevent

the imposed boundary conditions from enforcing the

reversal of the wall jet we lowered the bottom of the

computational domain to 1.3 m below the wall-jet

injection point (rather than 1.0 m). As implied above,

recent LES results reported in the companion paper

(Addad et al., 2004) have removed many of the uncer-
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tainties related to two-dimensionality and boundary

conditions.
3. Mathematical and numerical models

3.1. Mean flow equations

In tensor notation the governing equations for the

mean flow variables may be written as follows:

The continuity equation:

oðqUjÞ
oxj

¼ 0 ð3:1Þ

The momentum equations:

oðqUiUjÞ
oxj

¼ � oP
oxi

þ o

oxj
l

oUi

oxj

��
þ oUj

oxi

�
� quiuj

�
þ BTi

ð3:2Þ

where BTi ¼ giðq � qrefÞ is the buoyancy term. Instead of

using the Boussinesq approximation, the state equation

is written as q � qref ¼ �bqrefðT � TrefÞ and the effect of

mean density variation has thus been retained in all the

individual terms in Eqs. (3.1)–(3.3).

The energy equation:

oðqUjT Þ
oxj

¼ o

oxj

l
Pr

oT
oxj

�
� qujt

�
ð3:3Þ

The turbulent stresses, uiuj, and the turbulent heat

fluxes, ujt, are unknown in the above equations and are

approximated by turbulence models as described below.

3.2. Turbulence models

Four turbulence models have been employed: the

low-Reynolds-number linear k–e eddy viscosity model

(EVM) of Launder and Sharma (1974) and three high-

Reynolds-number schemes (that is, models that need to

be used with wall functions). These are:

� The k–e EVM without low-Reynolds-number terms

The stresses and the turbulent heat fluxes in Eqs.

(3.2), (3.3), (3.9) and (3.10) are modelled as

quiuj ¼
2

3
qkdij � lt

oUi

oxj

�
þ oUj

oxi

�
ð3:4Þ

and

quit ¼ � lt

Prt

oT
oxi

ð3:5Þ

The expression for the turbulent dynamic viscosity is as
proposed by Jones and Launder (1972)

lt ¼ qcl
k2

e
ð3:6Þ
The k-equation:

oðqUjkÞ
oxj

¼ o

oxj
l

��
þ lt

rk

�
ok
oxj

�
þ Pk þ Gk � qe ð3:7Þ

The e-equation:

oðqUjeÞ
oxj

¼ o

oxj
l

��
þ lt

re

�
oe
oxj

�
þ c�1

e
k
ðPk þ GkÞ � c�2q

e2

k

ð3:8Þ
The turbulent kinetic energy production due to the

mean strain is

Pk ¼ �quiuj
oUi

oxj
ð3:9Þ

and, in buoyant flows, there is an additional contribu-

tion to the generation rate of turbulence Gk, the exact

expression of which can be written

Gk ¼ q0uigi ¼ �qbgiuit ð3:10Þ
where the density fluctuations q0 in the turbulent density

fluxes have been related to temperature fluctuations, t,
by q0 ¼ �bt.

The constants and functions of the standard high-

Reynolds-number k–e model have the following values:

cl ¼ 0:09; ce1 ¼ 1:44; ce2 ¼ 1:92;

rk ¼ 1:0; re ¼ 1:3:

� Second-moment closures

Here two such closures have been employed, the

‘‘basic’’ closure of Gibson and Launder (1978) and the

‘‘two-component-limit’’ (TCL) closure of Craft and

Launder (2001a). Both second-moment closures solve

transport equations for each of the Reynolds stresses,

uiuj, in addition to that for e.
The transport equation for the Reynolds stresses is of

the form:

DðquiujÞ
Dt

¼ Pij þ Gij þ /ij þ dij � qeij ð3:11Þ

where

Pij ¼ �q uiuk
oUj

oxk

�
þ ujuk

oUi

oxk

�
ð3:12Þ

Gij ¼ qðfiuj þ fjuiÞ ¼ �qbðgiujt þ gjuitÞ ð3:13Þ

/ij ¼ p
oui
oxj

þ ouj
oxi

� �
ð3:14Þ

dij ¼ � o

oxk
quiujuk

�
þ pujdik þ puidjk � l

ouiuj
oxk

�
ð3:15Þ

eij ¼ �2m
oui
oxk

ouj
oxk

ð3:16Þ

The generation rates due to shear, Pij, and buoyancy,

Gij, do not require modelling. The turbulent transport
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term, dij, is modelled through the generalized gradient

diffusion hypothesis (GGDH) of Daly and Harlow

(1970):

dij ¼
o

oxk
csq

k
e
ukul

ouiuj
oxl

�
þ l

ouiuj
oxk

�
ð3:17Þ

where cs is taken as 0.22.

Modelling of the dissipation rate eij and the pressure-

redistribution terms /ij is different for the two closures

used in this study. The modelled expressions are given in
full in Appendices C and D.

The equation for the turbulent kinetic energy dissi-

pation rate, e, is modelled using empirical and intuitive

approaches similar to those used in the corresponding

equation in k–e schemes:

DðqeÞ
Dt

¼ qe2

k
ce1

Pk þ Gk

qe

�
� ce2

�
þ de ð3:18Þ

where de is modelled, using the GGDH, as

de ¼
o

oxk
ceq

k
e
ukul

oe
oxl

� �
ð3:19Þ

where ce ¼ 0:16.
For the basic second-moment closure, the coefficients

ce1 and ce2 are constants and have the values of 1.45 and

1.90 respectively.
An alternative form of the e transport equation is

used with the TCL second-moment closure, in which ce1

is taken as 1.0 and ce2 becomes a function of anisotropy

invariants. The equation can, then, be written

DðqeÞ
Dt

¼ qe2

k
Pk þ Gk

qe

"
� 1:9

ð1þ 0:7A1=2
2 AÞ

#
þ de ð3:20Þ

where A2;A3 are stress invariants and A is the so-called
‘flatness’ parameter which varies in magnitude from

unity in isotropic turbulence to zero when fluctuations in

one direction vanish, i.e. the ‘two-component limit’

A ¼ 1� 9

8
ðA2 � A3Þ ð3:21Þ

A2 ¼ aijaij ð3:22Þ

A3 ¼ aijajkaki ð3:23Þ
and aij is the stress anisotropy tensor

aij ¼
uiuj
k

� 2

3
dij ð3:24Þ

One of the advantages of using Eq. (3.20) is that it

produces significant improvements in the prediction of

both the round jet and the 3D wall jet (see Craft, 1991;

Craft and Launder, 2001b), amongst other flows.
In computing turbulent heat transport, when the

eddy-viscosity models are used, a uniform turbulent

Prandtl number of 0.9 is assumed, whereas with either of

the second-moment closures we adopt the GGDH to

model the kinematic turbulent heat flux, uit:
�uit ¼ chðk=eÞuiuj oT=oxj ð3:25Þ

where ch is a constant taken as 0.30.

It should be noted that transport equations for the

scalar flux uit and the scalar variance t2 have not been

employed in this work. This is because the main focus of

this study was a development of the near-wall modelling
technique. At this stage we have thus used a much

simpler representation of the turbulent heat fluxes uit, in
line with the approach often adopted.

Space constraints preclude further detailed descrip-

tions of these models though each are reasonably well

known to the modelling community and may readily be

accessed through the indicated references.
3.3. Wall functions

Two approaches have been adopted, here termed the

‘‘standard’’ wall function and the ‘‘analytical wall

function, AWF’’. The former is based on a form

appropriate to an equilibrium, near-wall simple shear

layer where turbulence generation and dissipation rates

are in balance. In these circumstances, the wall-parallel
velocity increases as the logarithm of distance from the

wall:

U � ¼ ð1=j�Þ ln y� þ C

where

y� 	 yk1=2=m and U � 	 qUk1=2=sw

ð3:26Þ

and j� and C are supposedly constant. This is Spalding’s

generalized form of the law of the wall, the turbulence

energy in Eq. (3.26) usually being evaluated at the near-

wall node. Consistent approximations are made for the

generation and dissipation rates of turbulence energy.
These are shown in Appendix A.

In contrast, the analytical wall function approach is

based on an assumed eddy viscosity distribution. While

this scheme is documented in Craft et al. (2002), as it is

new and relatively little known, a brief summary of the

main features is given. Firstly, as indicated, the eddy

viscosity distribution is assumed known. A simple form

is adopted in which the turbulent viscosity across the
wall-adjacent cell is zero over the viscous sub-layer of

thickness yv while beyond this it increases linearly with

distance from the wall, Fig. 2:

lt ¼ 0 for y� 6 y�v ð3:27Þ

lt

lv
¼ aðy� � y�v Þ ¼ clclðy� � y�v Þ for y� > y�v ð3:28Þ

where y�v ¼ 10:8 is a dimensionless thickness of the zero-

lt sub-layer. With this assumption, together with that of
a uniform turbulent Prandtl number (of 0.9), it is pos-

sible to integrate the momentum and energy equations

to obtain (complicated) analytical expressions for the

mean temperature and velocity profiles that include the
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effects of buoyancy in the streamwise velocity equation

and a simple accounting of convective transport in both

momentum and energy equations:

oðqUT Þ
ox

þ oðqVT Þ
oy

¼ o

oy
l
Pr

��
þ lt

Prt

�
oT
oy

�
ð3:29Þ

oðqUUÞ
ox

þ oðqVUÞ
oy

þ dP
dx

� gðq � qrefÞ

¼ o

oy
ðl
�

þ ltÞ
oU
oy

�
ð3:30Þ

These equations are integrated across the near-wall

control volume in two stages: first, across the sub-layer

ðy� 6 y�v Þ, where lt ¼ 0, and then from the edge of the

sub-layer over the rest of the near-wall cell. Boundary

conditions are prescribed at the wall, and at the north

cell face (Fig. 2) U and T values are obtained through

interpolation between the two nodal values N and P on

either side of the face. The analytical solutions can then
provide values of the wall shear stress, and of either wall

temperature or wall heat flux (depending upon the

boundary condition) and of the average generation rate

of k over the near-wall control volume.

In the k-equation, the turbulent kinetic energy is as-

sumed to vary quadratically across the viscosity-domi-

nated region in the immediate vicinity of the wall and to

be uniform within the turbulent part of the near-wall
cell. The diffusion of the turbulent kinetic energy to the

wall is thus assumed to be zero. The production Pk and

dissipation rate qe terms are represented by the average

values of Pk and qe. The average generation rate term,

Pk, can be obtained via numerical integration of the

following integral, using the analytically obtained

expression for the shear strain oU=oy� and the pre-

scribed profile of the turbulent viscosity (3.28):
Pk ¼ � 1

yn

Z
lt

oU
oy

� �2

dy

¼ 1

yn

q
ffiffiffiffiffi
kP

p

l

Z y�n

y�v

laðy� � y�v Þ
oU
oy�

� �2

dy� ð3:31Þ

The way that e, the space mean dissipation rate of k is
prescribed across the near-wall control volume has also

been revised. In the standard wall function, Chieng and

Launder (1980), the dissipation rate across the near-wall

control volume is assumed to vary according to

e ¼ 2mkP
y2v

for y� 6 y�v ð3:32Þ

e ¼ k3=2P

cly
for y� > y�v ð3:33Þ

where now y�v ¼ 20.

The above approach leads to a discontinuity in e at

y ¼ yv with the maximum value of e lying on the ‘‘tur-

bulent’’ side of this interface. Here, in order to remove

the discontinuity in the e variation and to move the
location of maximum e to the wall the following varia-

tion is adopted:

e ¼ 2mkP
y2d

for y� 6 y�d ð3:34Þ

e ¼ k3=2P

cly
for y� > y�d ð3:35Þ

where y�d ¼ 5:1.
This strategy makes the introduction of further

refinements possible. A crucial element of near-wall
turbulence in conditions far from equilibrium is that the

dimensionless sub-layer thickness y�v is by no means a

universal constant (as most textbooks and even research

papers still assume). Broadly, when the shear stress

parallel to the wall decreases rapidly with distance from

the wall, y�v becomes larger than its uniform-stress

equilibrium level; and when the shear stress rises, y�v
decreases. Originally it had been intended to include in
the AWF a correlation for y�v in terms of the ratio of the

shear stress at the wall to that at the edge of the viscous

sub-layer, ðsw=svÞ. That proved to be numerically

unstable, however. Instead, we have achieved the same

effect by letting the dissipation rate over the near-wall

cell depend on this ratio of shear stresses. There are

several other novel features to this AWF, including the

accounting for changes in molecular properties across
the sub-layer, the handling of Prandtl numbers signifi-

cantly different from unity and the more accurate eval-

uation of wall-parallel momentum and enthalpy

convective fluxes for the near-wall control volumes.

Details of these and other features are given in Craft

et al. (2002).
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The addition of the Reynolds-stress transport equa-

tions requires some extension of the wall-function ap-

proach and commonly adopted practices are used,

similar to those employed in the k-equation.
The diffusion of the normal stresses at the wall is

taken to be zero, whilst terms in Pij and /ij associated

with the mean shear oU=oy are replaced by cell-averaged

values in a similar way to that adopted for Pk in the k-
equation. The commonly adopted practice of setting the

cell-averaged dissipation rate of the normal stresses to

be isotropic:

qeij ¼
2

3
qe ð3:36Þ

is also followed.

Because of the staggered grid arrangement employed

here, the turbulent shear stress is treated differently from

the normal stresses and its wall value is simply set equal

to the wall shear stress.

Although the resulting AWF expressions, given in

Appendix B, are complex, the overall computing time is

similar to that of the standard wall functions as only
extra analytical formulae are employed. This still gives

computational savings of an order of magnitude or

more in comparison to the LRN formulation.

3.4. Numerical solver

Computations have been carried out using the in-

house TEAM code (Huang and Leschziner, 1983). It is a
finite-volume code that employs the SIMPLE pressure

correction algorithm in a staggered grid arrangement.

The third-order QUICK scheme was used for the dis-

cretization of the convective transport of the mean flow

variables and the PLDS scheme for the turbulence
00.2y

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

1
2

2
3

4

4

4

5
5

5
6

6
6

6
6

7
8

8
9

9

10

10

10

10
1

0

1 1
11

11

11

11
11

11

11

1
2

12
12

1
2

12

12

12

12

1 3

14

14
14

14

14
15

15

LES

00.2y

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

1

2

3

4

4
5

5
6

6
7

7

8

8

89

9

9

9

10
10

10

10

11

11

11

11

11

1 1
11

12

12

12
12

12
12

13

13 13 13

1
3

14

14
14

14

1
5 15

LRN Calculation
k-ε model

00.2y

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

3

4

5

6
6

7

7
7

8
8

8
9

9

9

910

10

10

10

11

11

11

11

11

12

12 12

12

12

13

13 13

13
13

14
14

14

14

15

Standard WF
k-ε model

00.2y

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

1
3

4
5

6
6

7
7

8
8

9

9
9

10

10
10

10

10

1
1

11

11

11

11
11

11

12

12

12
12

12

13

13 13

13

13

14

14

14

14

15
15

Analytical WF
k-ε model

0.2y

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

x

11

11

1 2

12 12
12

12

12

1 3
13

13

1313

14

14

14
14

14

15

15

15

Standard
Basic 2nd

(a) (b) (c) (d) (e)

Fig. 3. Calculated vertical velocity contour plo
equations. For computations with the low-Reynolds-

number model the grids employed were as fine as

130 · 280, and 130 · 300 for isothermal and non-iso-

thermal flows respectively, while for the high-Reynolds-
number model (using the ‘analytical’ and ‘standard’ wall

functions) the corresponding finest meshes employed

were 102 · 280 and 102 · 300. For the isothermal cases

the computational domain started 0.4 m above the

splitter plate and extended to 1.3 m below. For the non-

isothermal cases the corresponding lengths were 2.4 and

0.6 m. These lengths were necessary to ensure that the

resulting computations were not affected by the loca-
tions of the upper and lower boundaries.
4. Comparison of CFD results with test data

4.1. Isothermal flow

The non-buoyant tests enable the functioning of dif-
ferent parts of the modelling process to be distinguished

while retaining the type of strain field prevailing under

buoyancy-modified conditions. Comparisons of the

mean velocity profile obtained from the LES (Addad

et al., 2004) with the various closure results are shown in

Fig. 3.

Note first, focusing on the contours on the right of

each part of the figure, that the low-Re k–e EVM pro-
duces a distinctly too large jet penetration (by about

30%) compared with the LES. Moreover, when this low-

Re treatment is replaced by standard wall functions, the

penetration depth of the wall jet increases by a further

30%. This result is superficially surprising since the re-

view of two-dimensional wall jet spreading rates by

Launder and Rodi (1981) indicated that, in the absence

of an external stream, eddy viscosity models tended to
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Fig. 5. Predicted vector plots for the isothermal case at

Uch=Ujet ¼ 0:077.
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predict a too rapid wall-jet growth rate, a result opposite

from the behaviour shown in Fig. 3. We note next that if

the standard wall function is replaced by the AWF the

penetration depth reduces to practically the same level
as that returned by the low-Re k–e model. This confirms

the behaviour reported in Craft et al. (2002, 2003),

namely that the AWF mimics the low-Re model with

admirable fidelity. Of course, unlike those earlier com-

parisons, in the present case neither model agrees closely

with the target data.

Switching to second-moment closure brings a

noticeable improvement: not only is the depth of pene-
tration reduced; the shape of the contours is also gen-

erally improved, particularly near the stagnation point.

But, with the ‘basic’ model used with the AWF, the wall

jet still penetrates further than indicated by the LES.

Only with the use of the TCL version together with the

AWF is the penetration behaviour captured with satis-

factory accuracy.

Fig. 4 compares velocity profiles across the wall jet at
two depths. Both experimental and LES data are here

included. It is clear that, while not perfect, the TCL–

AWF modelling combination gives a reasonable ac-

count of the wall jet’s development. The loss of the wall-

jet’s downward momentum arises principally from

entrainment of fluid into the outer layer of the wall jet

(reducing the level of the downward velocity) accom-

panied by a strongly rising pressure in the downward
direction. We note from the velocity field vector plots,

Fig. 5, that the TCL closure does show strong entrain-

ment of fluid into the jet outer layer, which starts above

the jet entry and continues several diameters below. The

k–e predictions on the other hand show very little

entrainment, which explains why the TCL closure re-

sults in a more rapid thickening of the wall jet than the

k–e scheme. The experimental vector plots, Fig. 5(a) also
show strong entrainment of external fluid, but in con-

trast to the TCL predictions, it is confined to the region

immediately below the jet exit. The extra entrainment

means that the TCL wall jet is less able to withstand the

strong adverse pressure gradient, Fig. 6(a). A further
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Fig. 4. Vertical velocity profiles at different locations x from
contributing factor to the loss of the wall jet’s momen-

tum is the wall friction. We note in Fig. 6(b) that, for the
first 0.4 m downstream from discharge, the TCL closure

gives a friction factor that, on average, is 25% higher

than the k–e scheme. Comparisons with LES predictions

of the friction factor, shown in Fig. 6(b), indicate that

there is very close agreement between the LES and

TCL–AWF computations especially for the first 0.4 m

downstream of the discharge.

4.2. Buoyant cases

Attention is now turned to the buoyant flow test

cases. For the case with the weaker upflow ðUch=Ujet ¼
0:077Þ, converged numerical solutions were only possi-

ble for the EVMs, while for the stronger upward flow
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ðUch=Ujet ¼ 0:15Þ computations have been obtained with
all models. With the same upward velocity as in Section

4.1 (Uch=Ujet ¼ 0:077) the jet now penetrates only to a

depth of 0.23m below its discharge point, which is only

about 30% of that found in the isothermal case, Fig.

7(a). There is much less difference between models than

in the isothermal flow; all models display a slightly

greater penetration than the experiment, with the

‘Standard’ WF treatment proceeding furthest. Note,
however, that the ‘bulb’ formed as the jet reverses is

narrower for this treatment than for the other models.

Moreover, the isotherm shape with ‘Standard’ WFs,

Fig. 7(b), is much different in the region where the wall

jet turns. These differences in the thermal field are solely

due to differences in the dynamic wall boundary-condi-

tion treatment; for the thermal field a zero-gradient was

simply applied in all cases. It is worth noting that here,
too, the AWF predicts virtually the same result as the

low-Re k–e model. Finally, we note that despite these

differences, all the schemes give the horizontal stably
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stratified front occurring at the same height, at x
approximately equal to )0.15.

As the channel inlet velocity is increased the effects of

buoyancy are weakened somewhat. For Uch=Ujet ¼ 0:15,
as is shown in the temperature contours of Figs. 8 and 9,

the penetration length is reduced to about 0.1 m and this

is well reproduced by both the low-Re k–e and the high-

Re models with the AWF treatment; but the ‘Standard’

WF versions of both the high-Re k–e and the Basic RSM
models produce hardly any difference in thermal pene-

tration from the previously discussed case. Both the LES

and the limited experimental temperature contours,

suggest that as the jet turns upwards it also spreads

across the channel. With the k–e and Basic RSM pre-

dictions, on the other hand, after turning the jet remains

confined to the right hand side of the channel, moving

upwards along the splitter plate. The TCL model com-
putations, in closer agreement with the LES simulations,

show that the jet moves further across the channel as it

turns. The TCL–AWF predictions are again closer to
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for the buoyant case at Uch=Ujet ¼ 0:077.



Fig. 8. Experimental, LES and EVM temperature contour plots for buoyant case at Uch=Ujet ¼ 0:15:

Fig. 9. LES and RSM temperature contour plots for buoyant case at Uch=Ujet ¼ 0:15.
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the LES and experimental data than those of the TCL–

StWF, notably in regard to the jet penetration.

The vector-plot comparisons of Fig. 10 also underline

the differences among the different modelling strategies.

They also show that in the TCL computations the near-

wall modelling is not as influential as in the k–e and

basic RSM predictions.
5. Conclusions

The downward-directed, buoyancy-modified wall jet

is a challenging flow to predict since apparently small

modifications to the treatment of turbulence near

boundaries can have a major effect on the resultant flow

field. As in earlier tests on simpler pipe and annular



Fig. 10. Velocity vector plots for the buoyant case at Uch=Ujet ¼ 0:15.
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flows, the Analytical Wall Function has returned results

in very close agreement with the predictions obtained

from the low-Re scheme. This is encouraging as the

computing cost of using the AWF scheme is at least an

order of magnitude less than the low-Re-number k–e
model.

A detailed study has been carried out on the non-
buoyant opposed wall jet and one of the buoyant cases.

This has shown that the two-component-limit (TCL)

second-moment closure used with the AWF leads to

very satisfactory agreement with the LES as well as with

the available experimental data of these flows. However,

numerical problems have so far prevented our securing

fully-converged results for one of the two buoyant test

cases (with the weaker upflow) using second-moment
closure. This serves to underline that applying models at

this level to a new type of flow may not infrequently

throw up unforeseen impediments.

Bearing in mind that horizontal buoyant flows create

even more severe modelling challenges than vertical

ones, we recommend that future CFD development for

reactor-safety and similar problems should be focused

on the TCL second-moment closure employing a wall-
function approach similar to that exemplified by the

AWF.
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Appendix A. Standard wall-function approach

In a conventional wall-function treatment:

1. The first near-wall grid node is placed far enough

away from the wall at a distance yP to be situated

in the fully turbulent inner region.
2. The flow over this region is assumed to obey the semi-

logarithmic law of the wall.

3. The local equilibrium conditions are then used to esti-

mate the wall shear stress and also to evaluate the

source terms in the turbulence transport equations

(for k and other variables, depending on the model

used).

Thus, in the near-wall control volume, for the velocity

component parallel to the wall, the wall shear stress is

commonly obtained from the following inversion and

generalization of the log-law (Launder and Spalding,

1974):

swall ¼
jc1=4l qk1=2P UP

lnðEc1=4l y�P Þ
ðA:1Þ

The above expression for the wall shear stress is then

adopted in accounting for the forces applied to the near-

wall control volume, for the velocity component parallel

to the wall. When integrating the k transport equation

for the near-wall cell:

1. Viscous transport of k to the wall is zero.
2. Because of their very rapid variation near the wall,

the source terms in the k equation, Pk and e, should
not be assumed uniform over the near-wall control

volume as is the usual practice with the internal cells.
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These two terms are instead evaluated through analyti-

cal integration. We summarize below the type of strat-

egy conventionally adopted.

A.1. Calculation of near-wall Pk

The starting point is the assumption that in the near-

wall cell turbulence energy generation is by simple shear:

Pk ¼ �quv
oU
oy

ðA:2Þ

From the local equilibrium conditions:

� quv ¼ swall and

U ¼ swall

jc1=4l qk1=2P

ln E
yk1=2P

m

 !
) oU

oy
¼ swall

jc1=4l qk1=2P y

Thus

Pk ¼
s2wall

jc1=4l qk1=2P y
ðA:3Þ

The above expression already contains the assumption

that the turbulent shear stress remains constant over the

control volume ð¼ swallÞ. Also, by setting k constant
ð¼ kP Þ, Pk can be integrated over the control volume.

The integration is not, however, carried out over the

entire control volume. The near-wall cell is subdivided

into two layers: the fully turbulent region, away from

the wall and the viscous layer next to the wall. Pk is

assumed to be zero within the viscous layer. The edge of

the sublayer is taken to be at a distance yv from the wall,

where yvk
1=2
P =m ¼ 20. Then the average Pk over the near-

wall cell is obtained from:

Pk ¼
1

yn

Z yn

yv

s2wall
jc1=4l qk1=2P y

dy

¼ s2wall
jc1=4l qk1=2P yn

ln
yn
yv

� �
ðA:4Þ

A.2. Calculation of near-wall dissipation rate

Over the fully turbulent layer e ¼ k3=2P =ðclyÞ. Within

the viscous sublayer, e is assumed to remain constant

and is evaluated at the edge of the sublayer as:
ev ¼ k3=2P =ðclyÞ. Integration then leads to

e ¼ 1

yn
yv
k3=2P

clyv

"
þ
Z yn

yv

k3=2P

cly
dy

#

¼ 1

yn
yv
k3=2P

clyv

"
þ k3=2P

cly
ln

yn
yv

� �#
ðA:5Þ

The transport equation for e is not solved over the near-

wall control volumes. The value of e at the near-wall

node is instead prescribed as
eP ¼ k3=2P

clyP
ðA:6Þ
Appendix B. Analytical wall-function formulae

The near-wall molecular viscosity variation is as-
sumed to be described by

l ¼ lwall

1þ bly�ðy� � 2y�v Þ
ðB:1Þ

where

bl ¼ 1

y�2v
1

�
� lwall

lv

�
ðB:2Þ

The corresponding turbulent viscosity variation is held

to vary as

lt ¼ lvaðy� � y�v Þ; where a ¼ clcl

With the above inputs the following resultant expres-
sions are obtained:

• wall temperature

Twall ¼ Tn �
Pr

lvat
Cth2ðy�n
�

� y�v Þ þ
lv

lwall

ð1
�

� bly�
2

v Þ

� ðCth1y�v þ Ath1Þ �
Cth2

at

�
ln YTn

�

� Pry�v
lwall

Cth1y�v
2

1

 "
� bl

5y�
2

v

6

!

þ Ath1 1

 
� bl

2y�
2

v

3

!#
ðB:3Þ

• wall shear stress

swall ¼ � qv

ffiffiffiffiffi
kP

p

lv

lvUn � N
lv

lwall
ð1� bly�

2

v Þ ln Yn
a þ y�v 1� bl

2y�
2

v
3


 �h i
ðB:4Þ

• average production of turbulent kinetic energy

Pk ¼
1

yn

qv

ffiffiffiffiffi
kP

p

lv

Z y�n

y�v

lvaðy� � y�v Þ
oU2

oy�

� �2

dy� ðB:5Þ

• average dissipation rate of turbulent kinetic energy

across the near-wall cell

e ¼ 1

yn

2k3=2P

y�d

"
þ k3=2P

2:55
ln

yn
yd

� �#
ðB:6Þ

• average buoyant force across the near-wall control

volume
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Fb ¼ b0
Z y�v

0

ðT 0
1

"
� TrefÞdy� þ

Z y�n

y�v

ðT 0
2 � TrefÞdy�

#

¼ b0 Twall þ Tv
2

��
� Tref

�
y�v

þ Tv þ Tn
2

�
� Tref

�
y�n
�

� y�v
��

ðB:7Þ

where

Ath1 ¼ � qwall
cp

lv

qv

ffiffiffiffiffi
kP

p ðB:8Þ

oU2

oy�
¼ 1

lvY
C2y�
�

þ A2 þ bðTv � Tref þ dTyy�v Þy�

� b
dTy
2

y�
2

�
ðB:9Þ

A2 ¼
lv

lwall

C1y�v ð1� bly�
2

v Þ � C2y�v

þ lv

lwall

bðTwall � TrefÞy�v ð1� bly�
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v Þ

� lv

lwall

bðTwall � TvÞy�v
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� b Tv
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v Þ ln Yn
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N ¼ C2

a
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Appendix C. Basic second-moment-closure model

The modelling of the pressure-redistribution terms /ij
and the dissipation rate eij of the stress components are

the major differences between the two second-moment-

closures. The pressure–strain correlation is often the
most important term requiring modelling and is usually

split into three parts:

/ij ¼ /ij1 þ /ij2 þ /ij3 ðC:1Þ

The first part is from turbulence-turbulence interactions
(the ‘‘slow pressure–strain’’, /ij1), the second part in-

volves mean strain terms (the ‘‘rapid pressure–strain’’,

/ij2) and the third part is due to fluctuating force fields.

The term /ij1 is the so-called ‘return to isotropy’ term

which redistributes the energy to reduce the anisotropy

of the Reynolds stresses. It is modelled as proposed by

Rotta (1951)

/ij1 ¼ �qc1eaij ðC:2Þ

where

aij ¼
uiuj
k

� 2

3
dij ðC:3Þ

Similarly, the term /ij2 tends to reduce the anisotropy of
the stress production. A simple model for the ‘‘rapid’’

pressure strain term was proposed by Naot et al. (1970):

/ij2 ¼ �c2 Pij

�
� 1

3
Pkkdij

�
ðC:4Þ

Launder (1975) noted that in buoyant flows it was
consistent to include buoyant stress production in a

similar way to the expression for /ij2:

/ij3 ¼ �c3 Gij

�
� 1

3
Gkkdij

�
ðC:5Þ

The above terms do not take into account wall-effects.
The wall causes a reflection of the turbulent pressure

fluctuations, and this process forces the Reynolds stress

normal to the wall to fall to zero much faster than those

parallel to the wall. Since the standard expressions for

the pressure-correlations do not account for this pro-

cess, ‘wall-reflection’ terms are traditionally added to the

overall pressure strain model, of the form:

/w
ij ¼ /w

ij1 þ /w
ij2

where a widely-used wall correction to the ‘slow part’ of

pressure-correlation term proposed by Shir (1973) is
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/w
ij1 ¼ qc1w

e
k

ulumnlnmdij

�
� 3

2
uiulnjnl

� 3

2
ujulninl

�
l

2:5y

� �
ðC:6Þ

and a contribution to the ‘rapid part’ proposed by Craft

and Launder (1992) is

/w
ij2 ¼ �0:08q

oUl

oxm
ulumðdij � 3ninjÞ

l
2:5y

� �

� 0:1qkalm
oUk

oxm
nlnkdij

�
� 3

2

oUi

oxm
nlnj

� 3

2

oUj

oxm
nlni

�
l

2:5y

� �
þ 0:4qk

� oUl

oxm
nlnm ninj

�
� 1

3
dij

�
l

2:5y

� �
ðC:7Þ

In the above expressions nl is the unit vector normal

to the wall, l is the turbulence length scale and y is the

distance from the wall. The various constants of the

basic Reynolds-stress-model are: c1 ¼ 1:8; c2 ¼ 0:6;
c3 ¼ 0:5; c1w ¼ 0:5. It should be noted that (inconsis-

tently) there is no wall-reflection term associated with

the buoyant contribution to the pressure strain. The last

remaining term in the Reynolds-stress equations which

needs to be modelled is the viscous dissipation rate eij of
the stress component. Often, the dissipation process is

less significant than the pressure-redistribution terms

and, commonly, local isotropy is assumed:
eij ¼ �2m
oui
oxk

ouj
oxk


 2

3
edij ðC:8Þ
Appendix D. Two-component-limit model

Although the basic second-moment-closure incor-

porates many important physical effects and, thus, in

many cases is more general than any two-equation
/ij2 ¼ �0:6 Pij

�
� 1

3
Pkkdij

�
þ 0:3eaijðPkk=eÞ � 0:2q

ukujului
k

o
��
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þ 13qk
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�
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oxk
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þ 0:2

ukujului
k2

ðDlk � PlkÞ
�

linear EVM, it still possesses a number of limitations.

The first major drawback is associated with the use of

the wall-normal unit vector n and shortest distance to

the wall y that appear in the wall-reflection terms (C.6)
and (C.7). These two quantities are mathematically and

physically difficult to define in complex geometries. The

second problem is that the pressure-correlation terms

should tend to zero in the vicinity of the walls, next to

free-surfaces or in regions of strong stable horizontal

stratification, where one of the stress components van-

ishes. The basic Reynolds-stress model does not ensure

this and thus will not necessarily perform well in situ-
ations where the turbulence approaches a two-compo-

nent state (Lumley, 1978). To overcome these problems,

the UMIST group following the general strategy of

Shih and Lumley (1985) developed the so-called TCL

model––a pressure–strain model which strictly satisfies

the two-component-limit behaviour. The great advan-

tage of the TCL model is that there is no need for

additional wall-reflection terms, and accordingly one
does not need to define wall-normal vectors and dis-

tances to the wall. In ensuring that /ij vanishes if the

corresponding normal stress becomes zero, the model is

also realisable, meaning that it cannot produce unre-

alistic negative values for the normal stresses. In the

TCL model the ‘return to isotropy’ term /ij1 is different

from that in the basic second-moment-closure model

(C.2). Some researchers have pointed out that the basic
linear model of the /ij1 term given by Eq. (C.2) is not

really appropriate for a non-linear process. Instead

Lumley (1978), Reynolds (1984) and Fu (1988) sug-

gested non-linear versions of /ij1. Finally the TCL

model adopted the expression recommended by Craft

et al. (1989):

/ij1 ¼ �qc1e aij
�

þ c01ðaikajk � 1=3A2dijÞ
�
� A0:5eaij

ðD:1Þ
The /ij2 term of the TCL model was initially proposed

by Fu (1988), who ensured the correct behaviour of the

term as one of the fluctuating velocity components

vanishes:
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The model constants appearing in the expressions (D.1)

and (D.2) have been taken as proposed by Craft (1998):

c1 ¼ 3:1fA min½A2; 0:5�; c01 ¼ 1:1; c2 ¼ min 0:55; 3:2A
1þS

h i
;

c02 ¼ min½0:6;A� þ 2ðS�XÞ
ð3þSþXÞ � 1:5SI where

fA ¼
A 0:05

0:7

� �0:5
for A < 0:05

Affiffiffiffi
0:7

p for 0:05 < A < 0:7
A for A > 0:7

8<
: ðD:3Þ
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In addition to the above expressions for /ij1 and /ij2 the

buoyant contributions to /ij are accounted for in the

expression /ij3 as suggested by Craft (1991):

/ij3 ¼ � 4
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The above pressure-correlation terms are not the only

advantages of the TCL model. Perot and Moin (1995),

after processing their DNS data, acknowledged that the

isotropic assumption for the dissipation rate of the stress

components (C.8) is not valid in many situations––
especially next to free surfaces and solid walls. There-

fore, in the TCL closure, the viscous dissipation rate of
the stresses is modelled in a more elaborate way, similar

to that suggested by Craft and Launder (1996):

eij ¼
ð1� AÞ

D
ðe0ij þ e00ijÞ þ

2

3
Adije ðD:11Þ

where
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e

� �
It is finally noted that in the model of Craft and

Launder (2002) similar TCL approximations were

developed for the corresponding pressure-fluctuation

terms in the transport equation for ujh. In the present

work, however, the heat flux for both second-moment

closures has been obtained much more simply from Eq.

(3.25). It remains a task for the future to ascertain
whether, with the more complete model for the heat

fluxes, stability and accuracy may be further improved.
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